5 integraller

S INTEGRALLER

Dezjisim oroni, teget ddGrulerm <gimi) +orev Uierinde ga-
lymoler yophik. Bu ¢alismalors diferonsiyel kalkolus Jeniyon
Bu goligmolorin o‘i"ae!‘ torofinda inteqral kqltilis vor: Aloabr, hecim
Ecrin hqsarlanmu bv bsmg q’ir’lyon Te‘ﬁﬂ- ddt'jmlqm e§7h'ini buino
i\e eFriler abmdati alonlor bulma birkirinden dqiie gardasede,
Newten ve Le'baiz, sezg'ue.l olorak orolorindak; éa?'lanhg/ gar-
Milerdir, Bu boglontwun kesfi, Temel Teommler, diferansiye| we

iMegral bolkvloson birlitie 4ok ok sneml; areg oldGuav ortaya
Gikornghir.

LY
4.% Belirsiz Integral (Ters Torevler)

!TamM! £ -Fanh'tymu qb-ir T a;‘d\ﬁlﬂo’d tanml olsua. I‘dah' her % tain
t Flex) = )

I
ise Tda_fliin bir ders Lucevi F fonkigonwdur,

éfhe\:? a) foa=2x Fanh'l-jonuﬂm bir dars ttravt Fod=2xt iy
b) glx) = simy i # U Ged= —casx Jir
c) hte) = 22 +8tne  w et e H )2 xXmcasx Jir
fex)= 2% -Fonh'lqwm +ers-l-"uwi, yalain Fmizx® Jcﬁ?d?l‘- x"-H/
X ve c solid olmal Trore xMtelde fuoylin tars Furevieridin
P 7 ~ / . h
Boskelort vor mJu-, oDT 'win 2. SeAvcung qare , bir fontsiqonun [k
forkl -\-:r; Yoevi sokd forkegla efittic. Yom , < Vel sobit olrat 0.
2ere KHc fonbsyonlor, £ixlaixlin bidon 4o Yerederidm

(tebaik) inteqrahidic ve  Sfo)dx e quslerilin § semboline e
Pa\_lgorett , £ fonbsiyorvno jntegrond ve x'e int ey rosyon éb_,k'lrenl‘
dentr.
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5 integraller

Eqer, Pain b ters Furedn: biliyosok, 06T\win 2. seawcwo gare
[ feardx = FoC |
;p,\:\'iu\ae. YorortLs C‘ge.

Oenek; oy §axdx= 2% c
) § Siaxdx =~casx +tC

Bigok fonksiyorva turavini bildigiminden ve inegralde tuev
Igleminin bir ders is\emi oldgmdon bireek fonksi yonua inteqraling deg-
rdon bilmis  olurva:

) Sx"dee K ve 0t nrasymal, [ dusfidxaxre (Bl i)
[1.) § sinkxdx = - 5—“;?--{-&
3) [ coskrde= —Sinbx 4 ¢

9 § secxdx = konx +c

5) I cSUDX == cobytl

6 § secxtoredx = secxte

H § cscxcotxdx = CEEReE

P . + - ‘X‘ { o~
Omek; o) f?c dx = ?-I-L B) f,-‘_-;:,# =f?€ *dk. =% x%-t-C.

o) § cosBrde = S8 , e

Jd) fxcosxdx = xsinktcasx +¢ da'?jru rmudu?
é;‘ (xSink sz +C) = SIMK + XcosK —STAvw+0 = X CosSx \f
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5 integraller

ir\-\-egrdl kum”an; Ocgisken ﬂe%i;-l'}rﬂe

Tureve c'lgili, (k-"t-n)’:h-l-"(x) ve ('th).tgtn)),-.-.-#xjts;x)

lineer maellitier; b'lligorux- Belirsre inteqral , Fivev fleninia  tess
iglent olduguadon

¢

)] f kfoy dx = kf'ﬁ'x)dii '*(k' sobit) ) J-50)dx =- [tox)dx  (keny
2) JCfetgen]dx = Shmde & fgede.

Ornek!a) fzsedxdx =3 (Sedxdx =3 (bonxtc) =3 lomptc! (ch-2)
b) Stx'-3x"+4)dx = Saldx -25xYx + 4 fdx = %5- x3+¢x4c.
sintx ve cas'x Inteqraller;:
Isifnde = [ 1mcornn o = | ((dr- fammnde) =4 - Digese
§ codlxdx = By =L x+ SR 4,

kuvvet kuralit w2\ dif- fonksigeny ve nz-t rasyenel coys ive
g?. (%:_-fi! ): U-“d% (Zoncir buralingon)

At
S5 (5! )ax = [ut g dx = Sec = Sutdlt
w, %M drf. -pon}:.siganvm\fgL”fﬂ_;_fdyare’ ise  Ju'dus -;,“;;"l-c‘. Jf‘r.l

" ' .
Orneki o) S {rgs 2ydy [._ ‘:.gafﬁu'] = _f{ﬁ"cju.:-.. 'g-::‘
:.%.. PR e

D) § e sadede [ SZ 50 3, T= Sudus e = ¥ e,

Djisken Dejistinve: Zincir kupaling geriye galighirusak ;
U= )
j‘cfgfﬂ) 3lmdx [Ju=g¢’:qu] = J-Fcu.)du: Fwl+c :Rﬂ‘lxﬂ +C

Ornek 1: § cos (4x-s)dx dueode ] = {casu.d du s 4. (camdy
=J¢ Siautc :JQ sinlex-s) +c
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5 integraller

g ol
Ornek 2: a3 sinxt g [d:;rx’dx:] =+ [ siaudu .-.---}( casu +C.

= cosxldc

Brnek 3: Ji- d = [ seltmdx [0 ] 2 L ( sadud

“-;- 'Eahu.-l-C::-%- tan@x4C,

Ornek 4 ¢ f,%: m#ogmlini hesaplagmt\-

S=

Veya

22 Gt T (a2
J3r—rr' [3 Wdu=2 -} =J ‘3'&“91'"‘ =3 fudu=3 P*re=3 i,

TER LT _
e i L‘"-“-‘*d*] j’__’ "j“'-*a“- 3 uBe- ;—(iil)%-tc
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5 integraller

5.2 (Riemann ToP\amlarﬂ Toplom Semboli ve Senlv Toplamlerin
Limidl

SigMa Notosyony! Sigme ho*‘afyonv, gok Yorimli toplamlor, kou
Pak'\' formda yazmMmamint Sa"a'laf.

oyt apt b ap =20

Yunan horfi lo'dg'bL STqMo <, “-FoPlom" kelimesiia bas horfi o lorak
ahmmgher. Toplam Tndeksi, -I-op\oMm koglon l:a;]ogaco'yw ve Gstondeke
say( (n) nerde bitecogini guslerin
n-> k& Indeksi k=n'de biten:
"l_;:‘:\_‘mv"s dy - k. derimin formols.
L *'s e indelsi k=i\den bacbr. | 100

Ornek; o) é k S 1+2+34+4 48 +647. d) Foyafeyr v f (lm):?szu.

| LY

b) éib‘]k K= - ’z-t- (-d"??-l- l-l)‘.!?'-l- (4)"!,1_-: ~1+4-94]4.

5 -
3 k . 3 4 s 3.4 .. f k+?
c:) k=3 Kkla 3% 44y Sy I3 B 1S + 20 5 (:im%",‘ E_"m-r)t-l

Senlv Toplamin B llikleri: 1

1) é._’: (ae+by) =§; e + > bi ?-)é"' (Qg"lit)zé' di -é’ by |
—1 =! k=t

Aiemonn Toplamlori! Alman matemcdibsi, ©eonry Friedrnch Bern hard
Riemonn ‘orafndan insosl \daPl\an, belirh FI\"'Qjm)M Sonly "'OPIJM-
larn Wikt olomb tammlanmasing ilikin, ilk bilgileri verelinm.

£ -rmn\:s'tﬂonv, Laqb] am\gﬁ‘mdd toniml olsun. Ca,b) ofo-
lGin1, et olmasi geretmeyen alt ardlitlora bolelin. o it arolge

0=% Y 1, YA X i b=xp

bdmek icin a ve b arosirda p-t nokto segmeltyiv. 8o nobtalor
A2Yo LU LK Lmor Lhp Ko Xp 2k
setlinde olmalidi
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5 integraller

A=%o L Ky &L Wp &+ & Kot LR &+ L XpylXn= b Sortin Safi"’jﬂﬂ
'P=EKﬂlx':"'l"‘kﬂ;?k)"‘;xng kUmesine Caitdnin bir porgalons;
denir. P Ponqa‘anl}‘n) LCab] ara\;’émt n +ane kqpoh

L“‘ﬂ"l]: ["n'xa) =) txh—u'ﬂ-ﬂ,"'; E‘Kn-u‘x.:a
ollarclibora bsler. k. altorghk CxetiZe] Jin k. alrl-arah'-}m Ut~
luqunu Axez 2 %, i\e gasteriyorvr. Her alt arahl:-l-an, keyfi
< elemon Secel’w\. (Cge[:'t:.-a,'x;'], \:-.-.\,'L,.--.n). Ce noHa]arm-
do, ftepMor negqatd ) sihir veyo poritif olabilirler. Hor alfaddibly
£0ee) A%y Garpualort, £ poridifse yObsekligt f£ice) cerishig dyp olm
dikdortgendin alannt ) £ sibr Tse Sifir ) F neqolif ise ekst alomi veit,

YA
‘ 4=t
e ——
Ceq $icy)
~~
1;'..; c!-.:;-.:.::- -3
Ao ¥ Ur, e y %Kit e Az b
| fe)>0,
(cs,f<eg) flcz)=o,
g )40

Her allorolitbol, feee) dze Gorpulonmn foplami
Sh= Sp= 2 e At

+oplammna, [av] omlﬁm&q Fin  Riemana toplomt denir. Riemann
&-op‘aM P pomala\l,n ve cplormn segimine hd'é\(dln

Pacgalanisi ) daha do ince.H-hE]'m'nAe (£ penitifse) dikchrtyenlerin
alanlar gtthkge |, ¢ fonbsiyany ile x-ekseal arasindabi alana doho by
3ak\asa$ahhr. P pargolonyinin  nomu U Pl ile gastertlir ve porg.
\oatakl alk ergliblorin A vrvavnu E&.Agdar- Porg qlaAg(, inceltmal

WP noreuny scfiro yakloghrauaklo denkhir. Qu ise nyi Soasva  gofin
mek ile denbbir. MNan't UPllS0 &S N>R S
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5 integraller

£ ;

3
A
_ N(nHY) a_ Nind) (2nH) 2 (ﬂ c,,.,,))
é'g_ > ) é"""""""""""‘) é

Brneks £ax)= 1t forvsiyawny, rod aralGinda estt poréolats b

lerek e ci lart argliklarin s0g uqlor alomt, Riemann TOP‘G-
minin Tmidiae bulvava

Co,\) orult"gl n esﬂ~ Porgaya Sb\a‘sn'\')rse) Axp= Bx = 1:’—?:.5\ ve. dp-

orghikler Co41, [%:37, - [est, 5]
5 eklinde oluf,

k. allarahtda F£ee)=f ()= 1~ (_,.) dit- Bupo qqore

s,\—_;%,‘,f-cesmxg é £+ 4 = Z[ E%) ] n —Z'GL %)

im Su=1-5=%"

3
N->00
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5 integraller

3 Beleli 'ln+e3ru|

Tanin! Fex) fontsiyonv, Cah] kapad arcliginda tonal ok Ca bl Uze
rinde £'min belich indearali, a;agcddki Sortlor: Ja?layan é fla)dx
Riemann '\-ap\.auldrmm limihi olon I Soytsing denir.

Nes\ea \W}Uﬁg’ £50 Soysing kary:hk) IPlled olmol Tirere
Cawd'win her Pefworx,)mxnd porgolong) ve [xew¥eddo c'mn
herhorgi segimi igin lé.‘, #ece)dxe ~T1 4 2 olocak cetilde bir So
Soywt bulvnobilmendic.

Doha gok bilinen Yorm ile

I :llll"lf-: 5 g‘ fee) A% = J,_f":é’ é Hice) A .

Leflniz “”“'—‘jﬂﬂlaﬂ ile Yunon harfi A ¢ fark) i Roran heeki J(JFF)
ye limik durumds dondsOr ! l;i‘_‘;o%i- '-‘-g-?‘— - Bekrli 'iMajrq)Je) Yison
herft = ) Romem Werli § (dopom) ; cMlar tindt Jurwmunds 2Nen kopiine,
2'de dden bye skl Jewm edes- Bo gaden, belorli Taleqal fﬁm&c
olorat g'&&\ef Nr — ¢

1 ) i =

l1n
el 3 )

Tamm soglandeunds, Cabd Gretinde Riemann +oplomlor I'= ﬁmbk
belicli integraline yakmsar demir ve fye Tull Cierinde integrallenbili

denin £ indeyollenebibese | Yindk P ve e Morn  segimine bogl degildic.

- inteqosyonun VSt S (mri
JA \ ﬁ“jmnd

b Al
15orét &-5 ‘FC?‘) d-x — % i!\*-eﬂmggm déZl'i‘{ keni

O3 inteqrosYonun alt swr
Belicl inbegnaie, desberine. yapoy Wepte) hayalt) defigkes desi
A b
éf f\dx = c_.(ﬂ(:)cli-s ‘! £(2)d2 ::‘g‘f-(sﬁs = of -‘Fm)dl

Teorem: Bulon surakl forkiyoror inteqrallene Hlirdin Yout, £, LoD
soretly Tte Cakl oraliGinde belidi indeqrili vordi.

£, sonlu Soyida sigromals sc’jrehizhge sohip isede , £ iwegrollena s firdin
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5 integraller

|, %
0 '; xmn,el fonk-
Sigonunva Riemann integrali gekdor:

Cei3'in heriwgi bir P poréo loncinds Mot ras.
Yonel soylordon Segecsek Riemam toplam é‘ A% =1 olocakhr. Ege,
c\or irrosyonel segarSek Riemann 'l-u,olnm é‘o.m, zo olocubit. Re.
mann toplamlevinm  limiHert ¢, 'ya bogle o\Jviwst £ IMtegrollenener -

Ornek: Co\ld T2erinde «Frx):{

Tamm: Y= -Fonl's'lgof;u;, Eatbjkap;hiardr&jméd negatif olmayen

ve inteqrallenchilir ise Caibd vrerinde yodvn) egrii albinda
tbﬂlﬂf_\;gl_d_ﬂz_ adon L\gc ‘Flnh\ ?Ahgr‘aliJl‘l,
A= f foadx.
[ = |

Bu tanm ik yaali galsir: Alan hesoplomal fain iatograli kol-
lomrn veya integrali hesaplomak in alant buluro.,
Ornek; 0<a<kh olmak Brere J xdx integplini hesoplayun.

b
g‘lﬂtjf ) Y9=%x ile X-eksen) arpsindy kalon yan.

" gua alamdu b
% ;
a]xdz A=y =b_ g i,

Sirelli Fonksiyonlorn ©rtoloma DeFer

n dane soyimn aritmehk erlalamosi, sayiorin toplomimm Aye
Ud\'theS‘IJ;f‘. Cayv] ‘:‘alpo‘l af‘alt't'flldu} suvrekl| £ 'poi\h.lljonvnv disine.
fim, Cald ora\tﬁlm n esit Pargoye bolebim. 8o Parea'mlﬂ-a, her bir
q“ora\'c'im uqm\u'jd Azg:dx:%l‘i- d.lf‘. B e on-am\lk')-wl Ce .r.eee"iﬂl-
n ‘drnakleamis o‘eijer'm ortalanes

£ee) 4 a4 -+ + flen) .
N e L + t(ca _.,_%é’fz;): -—S_-':— %F&):ﬁ-é%)d‘!g
Tanm' Cabl e § itegrallenclilise ) cablde £Yin orklama deger

- =t

i s

J di
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5 integraller

Ornek 3 C-2423 ara\t§inda fox)=g-n> fonksiyorunva artalama Jefg‘erim' bo-

\unu'z. .

Yorim ¢cuber ile ‘x..eh'evt; arosindo balon alen
A= ﬁ.{}: ﬁg = 23 b dir, Doloytsiyla,
2
& Vel dxzadt

dir
b
OI‘*({'):‘-F\: ("‘C !dx— -—- S Ve Id;; —;L.uTe.% J;II

L-(2) 22

Be“r\t ln’regrvlm ku!‘allafl' |
1 f f )= Gf-Pa:)d'x

:.Jg foyde =0 A\ |

b . |
3 {esade=t ffode (b salit), I - faide == §boddx (vaa).
b b .
4) &E L $ex) Egtx) ] dx = g‘fﬂ}dﬁi § goxdx
o

b
5) of foadx + {iwdx: [ Scadx  (Toplonsolik waalhgi)

6) Cabd Viefinde flsin Mah«Mvmv makst ve minimumy Minf i ise
mind. (bo) & f fox)dx & Mah-(l (b-a) ;"

%) Cak] Uierinde —ch);gcx) ise f fex)dx = ,f geadx  dir

7 7 L) 20  ise
' f Frr)dx> o dir

kanit (6) Cawd din her ’P Parfa\amn ve ¢y nolc-iabrmm her seqimi 1-
aln  minf £ £lee) & matsf dip

minf, (b-a) = minf. é Az, -é' minf . Ay <£’ £ece) 8%,
é Maksf. A%y = maksf. 24& = malsf. (ba).

Kisaca, minf.(ba) & é -F(c.._)A‘KgC makst . (b-a) ef#-‘n'ﬁlnm miter: ol
Sa minf.(b-a] < é Fradx & Mabst. (b) elde <Jlir. m
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5 integraller

]
1)

il d ; ol @ b

(b) Constant Multiple: (k = 2)

b b
f kf(x) dr = I.'f flx)dx

(a) Zero Width Interval:

f fixyde = 0

y

: 'ﬂf:_l_; < max f —

-_{___.- c ! I."If e

ot \ / ¥ = fix)
-~ Jx) dx min f /

- Jix) dx [

{r]
0 a b & ol a §

(d) Additivity for Definite Integrals: (e) Max-Min Inequaliry:

] ' c
fji.r]dr-!-fﬂ.r‘_lcix=f_f-:.t}d.l:

&
minf - (b — a) _f fix)dx

= max f-{f — a)

& k
Ornek ! _-E.-F#x')dizf, ;'F"ﬂd!?l )

-

1
Y
o [feade=- [ bid = -(a)=2,

—— ¥ = filx) + p(x)

/’F\,/ ¥ = glx)

¥ = fix)
X

0| a b

() Sum: (areas add)
b

B .} !
f[_ﬂ.r] + glx))dx =fjf.rild.r+f_|3c.r]d.r

y=fx) _—
D £

¥ = g(x)

0la b

(f ) Dowmination:
fixd = gix)on [a.b]

b b
=>-[ f!.r]d.l:zf glx)dx

[ hsdxa?  ise

i
b) -:E B';r:)-ﬁhhﬂd?cc 3_.\;!‘&‘8367‘ 'Q_J:.l\h*]Jx =3.8-4.1+==13,

Yy \
f-lﬂji feadx = I'«Faﬂ&x-P ]'L*lﬂu)dx =8§+()=23
e !

olorak bdure.

i '
Ornek 2 giucasz'dt Min Jeﬁeﬁn’in 32 Jen kugik .._-,Hﬁ.mu gasle.

L.

Balirli indegrolin & kurolinden (3. kurala gérede yopilir) Isﬁkﬁx £
ma¥sf. (bo) Jir. [o.) Brerinde Vitasx ‘& (#0271 dir Bua gare

1
ghm‘dn < Gl U-o) =N gy 4% dir.

Fuat Ergezen
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5 integraller

5.4 Ortalama Deger Teoremy Ve Teme! Teoremler

Bir Sncek; b;.'ih)“a'e) LCabl] lca'oali of‘ah?jmab svrek],
bir fonksiyonvn ertolama cegerini

b
ortltf)=+= [ rrodx

- &
olarak -l-ammlamglu'r-. Bv bilumde , belirli in‘tegra”er rGin
Ottalomo Deger Teoremi (o0T), Fonksiyonun bu ok loimo de-
gefini en oz bir noktady alchfm gastereet.

Belirli integraller ioin Ortalame Deéer Teoremi (00T):
F Lonksiyory Calbd oraliginda svrekli jse Capdde Byle birc
noktast vardir

| b
fer=p | fexdx
d‘tl‘- e l
Kant: Belid i'n-l-eg rahin 6. kurghindan mnf.(b-0) £ br'F(‘x)()xé Mdbf(&-a)

oldvgun biliyorvr . Her tarsfy b-a>0 sayisma pulecek ;
b
minf < rl_; b( £(¥)dx £ maksF

elde ederiz. £ supretl; o ldgundan aradeger +ebremine gére fry)
-Fonk.{tgonu minf jle maksf arosmdali he, deger; alir. Doloyusyla
Towlde syle bir ¢ eleman Vo, ki £ee) )= ﬁﬂ{ﬂdx degerine
esir, =
Burade £ min .sbrel:ﬂl?@} anemlidin £'\nin sureksiz olmast d.

Fumunde, f Wi orlplamg Jagor'Me. esit+ olecrk bir o’é‘fr bu/mﬂaya—

bilir o 4 A

y=fex)
' ¢ S

fp1om === -=mee (ortolamo deger)
[ B S w2
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5 integraller

Ornek 1! Toi43 arahginda fe)=% 42 fonks yonvavn ortolora de-
gerint bulunvr. Nerilen amlkda £ hangi notdoda bu degeri ali.
A
b b - %A
orf [4):—1’13 6{ thld;t‘—'?:’:;;af(%ﬂ)ax ; |
b Yy
=1 J""" ol oj gz =4 (L£-2)+4 kg *

=3 o
Coied orlignda fo= T +2'0i orbolame deGeri 3 +or Fontsiyen
bu Jefjeri & +2=3 = %x=2de alin

Ornek 2! 0zb olmot vrare Canbd araliginda £ strekli ve f,‘éa)d,;:o
ise Lalde en a2 bir nobdods £x) =0 oldguv giskrinn. °
Taitd al'alt'q wda A ortelame a’e'ﬁ'e{;

b
) \ ot-l-LH-.-.-BL;,b( th)dx::—sl?-o .=o
dr.OOT gire Latlde ‘ayle bir ¢ elemonr vordhs ki feci=o dr:

Temel Teoremler

Eger £(t) fonksiyonv egallenebilis bir -)Cmbz'yan iSe
\t:.rlung} bic .Sab'a-l-lenu'i; a saqisincen, bosks bir x Soqising
F’n?n. .il\‘\?jfa.rl Yeni Vir F foabdyons tommlor Bu fanksiyonm
xdeki deger Fed= [“)dt
dir, “
|n+3_,,ral Hesabin Temel Teoremi i I, Kistu: <
Ca,b3 qrahéw‘a T surekl ise Cabl orult?‘cmla Fex)=J fR)dt i
retlidir ve (o) aro lc’?tw)a a'?f:é‘dl\s? yellerab;l; ra(if‘_a Torevi frx)

dir, Yeuni Fix) = g? { Fueide = £
a

an

Kant! % ve xth , (a,h)'de olmak Uzere,

2%-fA

Fltx)= |im Foxth)-Fee) _ | Fy
=TI = i L Fde- S
a

Fuat Ergezen 13/21



5 integraller

.1 (%th
= fim "F'I £ o
h=0 X N
an itk tin

Belich integraller tqin oOT godre X ile x+h arosnds 3dy-
le bir & Jeijer'c Yol k‘l

xth
'A'__{ fee) dt = Fe)
dir ho T¢in xth ve 3aua;1lr§‘mdg clde x'e yoklogr +,x'de
suretli oldvgvndn fec), fexrle yollesw, Sonuela

: n
Flex)= im - Pt = i Fte) = Fex)

elde edifir. a veyo GUe tek ot Limiter alinorak fa,dJlJe Fhin
Séretli pldiGv gughriby, =

Bu teorem brne sunv soyler: eger + strell ise ders 4

reve sahiptic. Yoni integral ve d5rev iclemler; birlirinin tecs
islem\eridin

Ornel |} Teme) +eprem; kulbnarak a,cog‘tdal:f Jirevlert

ek o i G buluan.,
a\pafs?nbafi‘ L)jj’-‘ £ l__ dt <) .g..x ize"caﬂ-dt

r”
) d ]"‘3~ N " 3 Sinx

Sin

o ) ! el &% 1-3{'&'1 —-L—l_._t'_of-l:

g
o} % iS’M‘E‘Jt = Qinx

x

| 1
b %’i é |+¢4d£' 1+x4
«

> 2 =- Cepstdbz - 2

o £ [Tefteastdt = 4 (- § 2 costdt) == §; § 26%os cose

3 W
d) uv= Izs"ini:éi: u=2* , y={ sirtdt
] x’ ] u “
d !S’it\b&f: %‘% = %%%‘%‘_ & (%—u';s?n-l:o‘l: 'g%= sinu. (33)
=32 SIn3
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5 integraller

Siny
d | - __Cos® _ 2%
€ & .;f.,z At = it siix ~ Zrawxt  (aynnhlor Jeade)

Ornek 2! f(3)=5s Sartm So%-,ajon) +Urevi %‘—iz tanx olon , (£,8)
tonm ora lGwmdpy bir y=frx) Fonks yonv bduava,

Temel +ecremden x=32Jel; deg‘eri sthir ve Forevi tonx o-
loa bir fonksiyonv kvrnok toloydr! Y= f'x tand dt. Bu fenk
ﬁjonvn x=23deki Jeéer'l o oldij‘unJaA , Fon l’.l';;onun Jeger'm?ns
olmast Tgin s\ eklememiz 3@-}6‘13&3/‘. Bung qore Gdzum

fox) = S rontdb+5
dir. 3

lleride tom gzaimin 4=In|S2]+s oG ssyleyeblm,

in-l-egml Hesabin Temel Teoremi, 2. kisin :
Cabd aralgids £ sirekli ve catdde £nin herhangi bir tecs
+orevi Fise .
e oj fex)dx = F(z)ar = £b)-Fe)
Kanit! Temel Tegremin I. kisming gére Flain bir ke forevi
\ Gex) = £ ¥ pde
dir. £ 'ain her‘\angi bir +ers burevi F e (ayb) ara,c'?i:mb boz
C‘ler en Ft)=6e)+C air (Torevder tain oOT Y 2. SonvGuae 933:]
Fve G, [a3'de sirebl; olc]fg“wdad tek laofly briller olmorat
Xea vex=bde de Fox)=Gexl #€ oldvGunv osrirva.
Flb)-Fla) = Cet)+c] - L 6ta)+£]
= GW)-G@) = [ )it - SFe)dt =f. }u-)o’&-o
b a a é
= [ fwidt.
o
||
Temel Teoremin Z. kusmi, bir sirekl £ -ﬁa/tkiyanvnm bir
ers +urevini bulabil; yasak , Riemam toplamimr ve limiting

hesaplama ksizin ) inkegrylin a’e'fer}.n} bula b lece Gimiz sayler,
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5 integraller

- |
OF nek\! Cl) J ( wx")o‘x :'n-h:qra)in? he_ra/obymn,.
-2
1+22 Yain  en bosit ters +Urevi x-r%’ dur. By yvrden

_f:(nx‘ljdx =('x.+%3__l'2 = (H-.!’?)- (-2+ !"1'-12) = -1342-
/ .
L)_L:r?ﬁnx dx= — LOS% f:lv‘_::o

o o
c) (~ secxtonxck = Secx_ L/“:: Seco-Sec(-% ) = |- (71
~3ly

Ornek 2: o) [-F,81] amhgmab Y=sinx egru ile x-ekseni aro-
sinds kolon aloar bl ;

[€,03 aralGinds £<0 ve DOET ok —, Ll
Ginda f>o oldGundon by orolitlocdy intey-

ral alip mullak degerini l\:.sa,o)anamn n?e.rekin /
1
sinx dx = - cosx .ln/‘: =ty af s’invaxs—mrx‘! =].

p

Tof‘am alon = I-ll41 =2 bl'?._
3

b) 023 ool gimda £ex)= xixtax Forksiyonv ile x-ekseni
alosindo ka,an bﬂdlgen}n alamm bJumA.- S'T‘ v P
Bnce Pml:s?gonun stficlarinr buliena, i

gerekir.
fex)= e Zax = L (a(Lx-2) =% (xH) (2-2)

doloyqusigle sirler %o, %a-l ve x=2 dr.
C-tol orahiGinde fzo ve Co] orafz?mo/a fco olng‘Aan bv or0.
hWtleds Integrali hesoploy, p, Sonra alem bolask I4in pek)ok de.
?,er'm'o a}m/'lgn- v o
3 - 1 = 5
_.[ohc -x%ax)dx _[1‘4...2;_7-1 -‘: S

t
T T3
g (‘)&_—x‘l_q_x) ax = ( z,,f-’f,-]-"’al =~ '%' .

Toplam alon = —?_-‘_-f- I-<§-] = ‘%%- brt,

Fuat Ergezen 16/21



5 integraller

58 Belirl jm‘e Nerde isken iy Eariler Aro-
Ssindak) Alan\argm Deg e aeg,“ rme Ve =37
Oegisken degistirme ile bir belirli inteqrali hesaploms-

nn ki yontemi Vol‘a’lf‘ Birines 3omle;u} belirsiz m-l-egrala de-

9'(‘591' aeqtr-lrﬂ-ve tle he.:a,olad;,o dahe senra Temel Teorea; kyllo

norak belirli tntegrali hesaplamoktir. I kines yontem ise :

Tesrem ! Cap ara)l"mab 9 SUrekli ve @i gzrondi kimes: d-

)
terinde £ surekh ise j £ (g0x) 9 ') x -'f £ tuw) du
dvr: 9 ter)
Kant! 'F}nm herlongi bir ters tirevi F oloun. Bv durumds
1))

I‘F(%))Q'(”)A [dt:;:))aﬁj IPluJ du dvr.

-g;‘ F(am) = F (orm) 3(;) = flom)glny = af .f-tg:g))g'(x)#: Fate) ! '

= F(gu)J—F(ebl)
=F(u) |37

< S

g o) |
Ornek 1: fs 4 x%1 dx m-ka.gra‘lm he.:alalagmn.

)

Bu sorvyy ki yinlem jle ¢awlia.
s N w= x%
. Yontem ! _1:37. Yo+ Tdx [du:s«‘lof 3 j("ldu,:,_:::

o -—,q
ll

4 A
3 -

ot [y [0, ] - fmee 3uherpeodi

|
_.‘;3'):'2!7('-‘4:' ch:-32— (x40 )3/1 l = ‘('%1

-

Sh
X - 2 W= cote
Ortek 2 ; .rtfk, cote cscode | = -csc"eJe] f U (~du)
=- fudu.

Ofudu -“10/' =7
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5 integraller

Teorem) [-0,a] simetrik ara,cymdd £ sureH: e
a) £ gift feaksiyon ise f +0x)dx =2 f fix)dx
b) £ tek fonksiyon Iise _fa fo)dx = o

dir

| =L
3

Ornek ! o) f-x"-d-,c zf J,‘-zlsé.
b) I 1£3Jx=o.
=2
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5 integraller

Egriler Arasindaki Alemlar
UsHen ve alHon Y=frtc) ile Y=gix)
eqr’:\en’, soldon ve Sagdon v=a tle
=0 da%rvlon Yorafindon sinerlt bol-
genin alonini bulmak isteyelinm,

Cabd arclgmm bir poréalam-
S ?=£ 'Zo,’x,,---,?tn? olsun. I<. al}afvllifq ‘:al:rl cJe)en k. J;L
daﬂqen?n alant  AAL= Cfey) ~qcce)) Axe din W1PN-90 igin
%nn; ﬂieﬂwnn '+0/0le bB‘gen?n alanml ve_l“@cek'“f‘- -Fv!e_e So~

rekl 1 @ b
ekl ise A“l’afof;l‘-so %44;- lim %EH«;)-EICQ}]A‘!;:JE—H«JM&.

;I'O\MM'- Egriler A‘lbi:;kiﬂl:i' Alan ]

'E‘:u\a‘l araliginda £ ve o siyrebli fonkstyonlor ve o3 qrx) J'JQ-.

o-JW\ Qse Y=ftx) ve 9 =q¢x) e,ﬁr'cleri aresinde talon B'é|ge-

Nin alanl  adon bye l’(F—-ﬂ)\:\;’/\ integralidic. Yon| |
A= g I:th)—grn)]d;c

ate. - ' :

6)N\Q.kl3 Y=2-"%x* Pafalaolv vk Y=-—x dd@rysu -)-ora'{;'leﬂ sinrla-
hon kapal b'é[ﬂen‘m alaniny bd .

Once ik eqrinia kesisim noblglorm
bulmomz gerabirt 2.xt=_y =D x%x-2=0
(XH)(A12)20 =D K= ve X272 integros -
Yon Stmflarl dz-\ v b= Jir.

A=)T <[

of M-«a@]&n-f‘ [ 2-at<(2]) dx

T 2 2
=-._I'(2-+'x4€‘)dx :(‘!Jﬁ'l'%-%s _\_, = % b,
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5 integraller

Ornek 2: Birinci derkelir bolgede, Ustten 4=\, alon y-ek-
seni ve Y=x-2 ddgrusv ile stnirlonon bolgenin alanmi bulvan.

Balgenin st siney Fra=m@ din AW st
lort oexer arukgmds gemzo ve 2¢xeba- '7
raligwda gexizz-1 din Balgeyl, Ave B ik
alt bolgeye ayirmalyn.
# ho\qe!-( T¢1N m+esro.s_yon _Clmr"arl d=o ve b=2 (Ju‘
A= § tr'\—o]dzc—’-xB"L 48 2

B bo\qen Tain m-}egrasgon lef‘[or‘l i gz dlf" B:ﬁ Luludk lain
WB=x-L =9 x-c-»d"*:g X§A+4=0 =D (%) C‘x-lp).-o = x=l, %24 (49

\=4 din B= gE{\' (x~0)]dx = (_3_1_ +1.1;l ﬁﬁ-’) 'Y ol

Bs\genin alan = A+8= J-g brt

Bélgenin siirlorindaki egriler; 4'nin fonk-

St:pl\\af‘t o\ara)t ‘\'UI\IMIGANI(SQ Aba esinin
a\amm

[\)
¢

R
B ou
}g
-y

A..f ]:Hs)-scuﬂdgi
fornily fle ‘)ulvr‘no -

Ornekt Yukordoki arnegi (3rrek) Yye gare indegre adorok g

1 .

B‘é\gec)e 2”4723@5301\‘«;\ ol smirt c=o “ e '

dw. Dst senvirt bolmak tqin "
oyt = Y-9-220 = ($4) ) =0 = P & A=Y+
==t :3-—1— (4> ol(}v'gw'm) d=2 dir, ‘ PR R T

A= f C4ee)-geo]dy = f Bea-v*]dy= (3i +2y~- 3_‘: ‘l:-_-. )
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5 integraller

Or‘hek‘ Lo, w) aralegmalﬂ y=xe*x egrisi ile x-eksent arasinde kalan
bolgenin alanni bulvava.

A:é(u;e-?-d—x_

U="x dv.-.-e""d P
f2€%dt | duwdx  ve_e* 1‘]:--':ce % et

=-x€¥.* .

A= Jpgcé"‘dx I IL ~X ; x o [
3 -—g_fnqaxe ""“’}:S‘-a (-x€2ée A
e - -L_ ML‘- - =1 -.L —
_&1.:;(53 e (o l)]—Ll::Q(E;) Q9+

L?'

= lim ;
b r

-|

érne\'-' ‘?{“'3 =l erPSMM olann Bu‘mn

Bdlge Ker iki eksene gare simelrik olduGundon ae %ﬁ

toplom alan A, birine: Jdarttebin bolged‘ek: clamn

dort kotdir. 8zo jqin deablam! G¢Nersek -iq_-l"'
Y=L {oi? | ogxca dir

o

o
Acs 4 f b Vdta'dx [Jx:::;’;i&]: 4%JJa"-c¢;‘lt-'.acasécJ6
K2
= 4ab ' de = itcosat J, W
b fcm*d*-""bo ) czn de __,,al,(.%t- +-k-sinz+£ L

=Rab bk

( Eger a=ber ise r yorigopl bu gembern qlan Art olerak. bu’mw).A
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